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SIMULTANEOUS APPROXIMATION AND
GLOBAL SMOOTHNESS PRESERVATION

Claudia Cottin and Heinz H. Gonska'

1. Introduction

Over the recent years there has been considerable interest in the preservation of
global smoothness properties by linear operators. Investigations of this kind

might have their historical roots in the famous 1951 paper of Stekin [27] who
showed, for example, the following

Theorem A,
For fixed s, n€ IN and fe Com s Tet t, be a trigonometric polynomial of degree
< n such that
Hf-tyll<C - wglfin!).
Then for all & > 0 one has

g(ty8) < (sind) (1425 C,) 0 (f:6).

Here wg is the well-known modulus of smoothness of order s as introduced,
e.g., in Schumaker's book [24]. ' -

A result oh smoothness preservation by the well-known Bernstein operators
B, on C[0,1] was given in 1965 by Hajek [14]:

Theorem B.
Let f € Lipy(15(0,11). Then B, f € Lipy(1;[0,11).

! The research of both authors was supported in part under NATO grant CRG. 891 013.
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This result was later generalized by Lindvall [19] and Brown/Elliott/Paget [4]
who showed that the same statement is also true if Lipu(1;[0,1]) is replaced by

Lipm(e[0,11), 0 < o« <1. This means that, if global smoothness of a function f €

C[0,1] is expressed by stating that it satisfies a certzin Lipschitz condition, then
the same is true for its approximant B.f.

Theorem B was generalized in 1991 by Anastassiou and the present authors in
[1]. We recall

Theorem C.
For the Bernstein operators B one nas, for all f € C[0,1] and §>0,

w(Bfi8) < 1 8,(f8) < 2 w,(f§).

Here @,(f ;') denotes the least concave majorant of w.(f ;). The constants 1
2 are best possible.

and

Note that the first inequality of Theorem C impliss the result of Lindvall and
Brown/Elliott/Paget mentioned beforse, but the second doss not.

stiziement in which global

Theorem C can in turn be gsneralized by 2
s of Pesire K-functionals of order

smoothness preservation is exoressed in term
s, s>1, given by

Ks(f:8) := K[£:8,C[0,11. €30,11) - = inf{llf - oll + & IIgS"]| - g £ €5[0,1]} .

Here, f € C[0,1] 2nd § > 0. For z-=

0 czse of Bernsisin cpsrziors this statement
reads as follows.
Theorem D.
For the operators B_ one nasferallse &y € Cl0,1] 2nd 8 > 0 the inequalities
Ke(B,F:8) < uva(f.i;'_;‘:ra) < K (F8)
s—~1
Here, (n)g= 1 (n-B).
B=0

For the case s = 1, Theorem D in combinztion with Brudnyi's representation
theorem (cf. [21]) implies Theorem C. The ineguazlities given in Theorem D follow

from a more general assertion which we will prove below.

The preservation of global smoothness propser
other contexts. As three examples we mention ners certlzain multivariate cases
(see [2], [5]), the approximation of stochastic processes (see [3]) and the pre-
servation of global smoothness by Bézier curves (see [231,[15]). Also the re—

les was zalso considered in
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search in [7], [9], [10], [16], [17) and [22] is related to various aspects of global
smoothness preservation.

The research in our present note is motivated by certain approximation pro-
oerties of the classical Bernstein operators. As is well known (from the classical
paper of Wigert [28], for example), for any f ¢ C*[0,1] the sequence of k—th deri-
vatives of its Bernstein polynomials converges to the k—th derivative DKf = (k)
dniformly on [0,1]. It is thus natural to investigate the problem whether simul-
taneous approximation processes in the above sense also preserve global
smoothness of the derivatives of a k-times differentiable function f. Several
results of this type for both the univariate and the multivariate cases will be
oresented in this paper.

With respect to notation in this article we mention that for a function f con-
tinuous on a compact set K, [If]l will always denote its sup norm. If a different
norm is needed this will be explicitly indicated.

2. General Estimates in terms of K-Functionals

We first show a generalized version of Theorem D for a certain class of opera-
wors which includes those of Bernstein as special cases.

Theorem 2.1,
et k > 0 ands > 1 be integers, and let I:=[a,b] and I': = [¢,d] € [a,b] be

compact intervals with non-empty interior. If L is a linear operator, satisfying
L: XD = cX(I") such that [IO*Lfllp < o  I€¥)]), &y + 0,

for all f € cK(D), as well as
L ckeS(D) - ckos(1) with [IDXSLgllp < by o - g

for all g € CK*S(1), then for all fe CX(I) and all § >0 one has

Kg(DKLF ; 8) < aKL'KS(f(K);ng%E 8.

Proof.
Let fe CX[a,b] and g € CX*S[a,b] be arbitrarily given. Then the sublinearity of Kg

gives

Kg(DK Lf; &)
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= KS(DK L(f-g+9); 5)1-
< Kg(DK L(f - g) 5 8)p + Kg(D¥ Lg ; 8)ps

< lIok Lt = ollp + inello* Lo - al+ 5 - Joshlr € c¥te.a)

Taking h =DKLg € C%[c,d] inthe second term shows that

Kg(DK Lf; 8)
< [Io% L = llp + & - lIoks Lglly
< ag  lIoker - @l + 8- b, o - IID%*3 gl

£

AL {uDk (f - g)“; v 25k 5 [P GHI>'
Passing to the infimum over h =D% in C3[a,b] implies

Kg(DX L ; 8)p < 2 - Kg(f"" L 2ksk es)I :

L
which was our claim. ) o

In order to formulate the nexti proposition, we first recall the definition of
almost convexity as given oy Knoop and Pottinger [18] (see also [11], [29]). For r
> | an operator L. C(I)— C(I') is said to be almost convex of order r-1, if the
following holds:

Let K’I,i = {f € CI) [%g, .., %, : f1 > 0 for any Xy < .. < X; € I}, where

[Xgs . » X;5 f] is an i-in order divided difference of f.There exist p > 0 integers
ijp1 <j<p, satisfying 0 <1, <. <i;<r suchthat

P
fe (ﬁj=1x1, ) AKX, implies Lfe Ky, .
A : .

o ,
For p=0 weput My=1 Xy, =0C(I).Inthis case, X, is mapped by L into
o .

»K’I'r ,and L is called convex of order r-1 2> 0. For example, convexity of order

0 is just the preservation of monotonicity. Sometimes positive linear operators
are said to be convex of order -1, 2 convention to be followed below.

We are now in the state to prove an assertion on the preservation of global
smoothness by operators being almost convex of appropriate orders.
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Theorem 2.2.

Let k >0 ands > 1 be integers, and let 1and I' be given as above, Furthermore,
let L:CX(I) » CX(I') be a linear operator having the following properties:

(i) L is almost convex of or_ders k-1 and k+s-1,
(i) L maps CK*S(I) into cK*S(1),

(i) LM ) € My and WTMeegoq) © Meagy s

(v) L(ckD) « T, .

Then for all- f € CK(I) and all § > 0 we have

k+s
Kg(DKLF 5 81 < (17k1) - [IpkLey |l - kg [ —1 lo**#cey..

; . 8
(k+$)5 . “DkLek

I

In the above, e, is the k-th monomial, (a), denotes the Pochhammer symbol

h=1 =1

defined by (a), = JJ (a-B) subject to the usual convention [ (a-B) : = 1, and
B=0 p=0

m_, = {0}

Proof.

We show that the assumptions of Theorem 2.1 are satisfied. To this end let

2€{k, k+s} and consider L: CX(I) - CX(I') which is almost convex of order & - I,
zlso satisfying L(TTg ) Mg ;.

For 2 =0 the operator is positive, maps C%I) into COI'), and the third
zssumption is trivially satisfied. For such operators it is known that ||Lf||I. <

Legllp - liflly .

For & > 1, define Ig: c(I) » cXI) by

X
-1
o= | e gy g
(-1
a
Since L is almost convex of order &- 1, the operator Qg given by Qg = D=L * Ig-
: linear and positive. The assumption L(Mg ;] < My, implies Qg D&f = DA Lf for

211 fe CX(1). Hence

DR LAl = llag DAl < llayll - D2 fll for an1 fe ciD).



264 C. COTTIN - H. H. GONSKA

Since Qg is positive, one has

llagl = llage, }l p%L e,
2!

Putting now a, : =‘_1_ DX L g+ 2nd

k!

1 _ Dl<¢s L Ekss
(k+s)l

bisL

yields two nonnegative constants for which the assumptions of Theorem 2.1 are
satisfied.
=llag] = 0.

It remains to be shown that ay | = # 0. Suppose

‘_LDK L &
kI

LDM L e
kI

Then from the above it follows that DK Lf=0 for all fe CX(I), or L:CK(I)—T_,.
But this contradicts condition (iv) and hence the proof is complete. o

3. Application to Univariate Bernstein Operators

In this section we apply the general result from Section_ 2 to the classical
Bernstein operators B, C[0,1] > TT . As a first result we have

Proposition 3.1.
Let k > 0ands > 1 be fixed integers, Then for all n > k+s, all f e CK[0,1] and all
§ > 0 the following inequality holds:

A , (n (n—k)s .
Ks( D¥Bof 8 )0,1] <5 Kyl f<'<>,(_75_): § )o.1j -

Proof.
Since B, is a polynomial operator, the general assumption and condition (ii) in

Theorem 2.2 are satisfied. Due to the representation

' n—2 .
(DR Bﬂf)(”:ﬂ.gg 3 [1,,_,,_u;f].(”"z)xv.(|_x)”‘x"’
I'IR v=0 n n v
(see, e.g., Lorentz [20, p. 12]), B, is (almost) convex of all orders 8-~ 1> -1, so

that (i) is also satisfied.

Since B, maps a polynomial of degree R to a polynomial of degree min{n,8},
condition (iii) is satisfied as well, even for all n € I,
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Now consider the k-th monomial e € CK[0,1]. From the assumptionthat n >k + s
it follows that B, e € Ty \ M-y » sothat (iv) of Theorem 2.2 is also verified.

4 representation of the quantities DR Byeg R E {k,k+s}, figuring in the inequality

of Theorem 2.2 is given by (see, e.g., [11, p. 429])

DB, e = 2. g

n = —_—

n&
“lugging these expressions into the inequality of Theorem 2.2 yields our claim. 0O

We now consider two special cases of s > 1 which are of particular interest.
Tne first is the case s =1 leading to

Proposition 3.2. :
_2t k>0 be a fixed integer. Then for all n > k+1, f € CK[0,11and § > 0 we have

@ (D*B,fi 8 ) < (—n:& CE (R Nk 8) < 1B, (f;8).
n n

Tne leftmost inequality is best possible in the sense that for e, both sides are

zgual and do not vanish.

“roof.
“roposition 3.1 gives in this particular case

(n)k

3 . ALK | (K) - n-k .

Ky (D¥Byf 5 8 )po,1] <~ Ky PB=k 8 01y -

For the K-functional K; itis I_<nown from Brudnyi's representation theorem (see,
=g, [21, p. 1258]) that

KyCf58 )07 = i &) (f;28).

Using this representation on both sides in the inequality involving K, leads to the
“irst assertion of Proposition 3.2. Furthermore, for the function ekﬂ(x) = xk* T it
:an easily be verified that, for n >k + 1, both sides of the leftmost inequality in

Sroposition 3.2 equal ()1 . (k+1)1-8 >0 for & > 0. o
nk+1

While Proposition 3.2 generalizes an earlier result of Anastassiou and the
~esent authors (see [1]), the following is the extension of Theorem B (and its

ssneralizations) to the simultaneous approximation setting.
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Corollary 3.3.

For a fixed integer k > O the following assertion holds for all n € IN. If K ¢
Lipw(e;[0,1]) for some M > 0 and some 0 < x < 1, then DKan is in the same

Lipschitz class.

The second case we will discuss in more detail is s = 2. As an immediate con-
sequence of Proposition 3.1 we get

Corollary 3.4.
For a fixed integer k > 0 one has, for all n >k + 2, that

(n)
K,(DKB,f; 8 ) < _nk_K’KZ fR (-K)(n-k=1) 5| < Ky(F%);§).
n2

Proposition 3.2 was derived from Proposition 3.1 by an explicite represen-
tation of the K-functional K, in terms of the modulus of continuity w,. If we

wanted to formulate similar statements in terms of higher order moduli of
smoothness, we would only be able to use certain equivalence relations between
Ky and g for s > 1. The problem is that no sharp constants are known in such

relations, so that the derived inequalities in terms of wg would become more or

less irrelevant due to the loss of information. The case s =2 1is somewhat ex—
ceptional since here we at least know some "reasonable” constants.in the equi-

valence relation. We may use, e.g., that, for. 0 < § < 1, onehas
2

L. wy(f;8) < Kz(f,i.-82] < 9. 0y(f;8) .
4 4 8

The left inequality may be proved using standard techniques, while the right one
¢an be obtained employing the functions Sg(f) from Zuk's paper [30] (see Lemma

1 there), also observing the fact that

K,(f;8) = K(f;8;C[0,1], C2[0,11) = K(f;8:c[0,1], szoo[O.I .

Here,

W2,°°[0.l] D= {f € C[0,1]: f' absolutely continuous, |f"||[:oo < 00} ,
--where

"l = vraisup [f(x)].
= xel[0,1]

similar statements involving w,(f).8] are obtained if one starts off directly
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with ©,(D*Bf;8) using Zuk's functions. As the result of this approach we have
Propesition 3.5,

For a fixed integer k = 0, let f e CK[0,1]. Then for all & > 0 the Bernstein opera—
tors B, satisfy the inequality

@, (DB f;8) < 3 - Ml:l + {n=k)n-k-1) T (K8 )
nk 2
Zn

In particular, for k =0 we have

Wy (Bfi8) < 3[1 +ﬂ;l] mz(f;S) <45. wz(f;S) .

Proof,

Let fe CK[0,1], 0 <8 <Ll be arbi'trarﬂy given, and let |h| < 8. Then for a typical
2

difference figuring in the definition of mz(Dk B,fi8) we have
Dk B, f(x = h) — 2+ DK B, f(x) + DX B f(x + h)]
=Pk B (F-g:x-h)-2 "D B(f-gix)+ DX B(f~g;x+h)}
+{DXB(gix-h) -2 DB (g;x)+DKB(g;x+h},
where g € CK[0,1] with ¢'® € W 00 10,11 may be arbitrarily chosen.

The absolute value of the first term in curly parentheses can be estimated from
zbove by

4 |ID% B (f - 9)lloo < 4 iﬂ-z& llee = )|
n

For the modulus of the second expression in curly brackets we have

DK B, (g:x -~ h) -2 DKB.(g;x)+DKB(g;:x+h)
= [pk*2 B (g ;%) h2 (for some % between x—-h and x + h)

< [Ipk2 B gll - n2

< (M2 . 2. ||gtk=2)]|
k2 ”9 Loo
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We now substitute the function g’ e W, _[0,1] by Sy(f) from Juk's paper [30],

satisfying for 0 < h <l the inequalities
2
lIf = s, Ol < 3. w6y, and llsy("ll_ <3 n2wyfin).
4 )

This gives

flcr = )| = [[f%) = g®| < 3+ w0y (1K) ),
4

and

“(g)(k+2)||Lw - Hg(k)nHLoe < g_ h-2. w2(f(k) Sh).

Combining these estimates leads to

okBfis) < 3k [y L =K -k-nl o gy
02( . nk +2 n2 sz

In particular, for k =0 we have (n)g = 1. Hence in this case we obtain the second
assertion of Proposition 3.5. O

If we define Lipschitz classes with respect to the second order modulus by

Lipm(ec, [0,11) = {f € 0,11 0 (f8) <M-8%,0<6 <L), 0<as2,
2

then Proposition 3.5 shows that for Bernstein operators one has the inclusion

B (Lipr(o, [0,11)) © Lipasmle, [0,11).

As indicated above, the technique used to obtain this subset-relation is most
likely not suited to derive "optimal” results like the one of Lindvall. Some nume—
rical evidence shows that it is appropriate to pose the following

Problem 3.6.
Is it true for the classical Bernstein operators B, that

fe Lipmlec, [0,1])  implies  Byf € Lipmlec, [0,1]),0 <o <2 ?

In regard to this problem the reader is reminded of the fact that in the Brown/
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Elliott/ Paget paper [4] the implication

f € Lipy(ei[0,1]) = B.f € Lipy(o[0,1]),0 < x < 1,

was proved elementary, i.e., without the detour via a suitable K-functional or a
smoothing approach. For the second order modulus of smoothness we were unable
to detect an analogous direct approach which might be helpful to get closer to an
answer of Problem 3.6.

4. Multivariate Operators

Global smoothness preservation by multivariate approximation operators of vari-
ous types was already considered in [2] and [5], among others. In this section we
shall deal with assertions analogous to those from the previous sections, but in a
multivariate setting. We restrict ourselves to giving estimates in terms of first
order moduli of continuity. Y

4.1 Tensor Product Operators
d
et 5= X [as,bg]c RY denote a generalized cube with non-empty interior.
&§=1
We equip S with the metric d, given by

d](x:Y)' =
)

I Ma

[xs = vg| for x =(xg) and y = (yg).
1

=or a multiindex k = (k], v kd) with non-negative integer components Kg ,» we

denote by. ek kg) 2 glkyy oy Kad(s) the. space of all real-valued functions f
~aving continuous partial derivatives up to order (kl, TN kd). The corresponding

oartial differential operator is usually written as D(Kl’ s kd)< For brevity of

nolation, here and in the following section we also use the following convention: If
in DYk Kg) we have kg =0 for 6§=6, & fixed, we will denote the partial

differential operator D©0Kg0..0 simply by DX6 . Furthermore, we put
C(8) : = ¢0 -, 0)(g),

Cl(S) -={f € C(S) : f is continuously differentiable with respect to each
variable}, and

~K1, oy Kq) K1y o s ka)

c sy ={gec (K1, oy ka)

(8):D gec(s).

Using the above notation we are ready to formulate the following
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Theorem 4.1.
| Let S be given as above. Suppose that

| Lty k(8) = CKisor K(S)
is a linear operator satisfying, for all f € ckys - s Kgd(3),
D%: - kLFll < - [ID%i =%l a=0.

Assume, furthermore, that

~(K1, .. , Kd) ~(K1, ... , Kd)
L:C (s) = C (S)

~(K1, ... , Ka)
so that, for all g€ C (S), there holds

max ||D(kl’ v KgTl, s kd)Lg”
1<8<d

<o max D% Kgth s kgl
1<6<d

Then for all fe C%p2K)(S) and all t >0 one has

g, D% KAL) < 2 - adl(o““' v Kol e t).

Proof.
Using the definition of mdx first observe that

W, (DK - KL Fit)

= sup{ID%i- > KQLF(x) = DKio o KILE(Y)] 1 dj(x,y) < t}

2+ [Ip%» - kL]

IA

<2 a-[p%p - Koe]|

~K1i, .. , kKd)
Furthermore, for g€ C (S),

4

wd‘(D(kv - KgdLg;t)

= sup{[p%,- -+ KdLg(x) - DKy - KdLg(y)| - dy(x,y) < t}.
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For each difference one gets by the mean value theorem
ptkye s KPLG(x) = D1 kL g ()

=l = y) VDK kg Lgly + o(x — y)| with 0 <o < |

d +
=| = (xs = vs) D ET ) Lgly v aix - y)
-1

8
d I |
< 3 |x5—y5|-D Loly + 8(x — y)
§ =1
< dy(x,y) - max [[pt kg1, 0 g
1<8<d

§<

A

d,06y) ¢+ max [[ptk1 kgt kg
1<8<d

This implies

[A] [D(kl’ K )Lg,‘t]
g,

<t-c: max [[pky. kgt kgdgl|
1<8<d

“ence for fe C%1 . KaX(S) and an arbitrary g e CK1s > Ka(S) we have
Wy (ptkys s Kd)Lf;t]
1

<@g (DK KIL(F — g)it]) + g, (D% KoL git)
1

22 0% K - o)l + et max [y kgl o kgl
1<86<d

IA

Za{”D(kl. - kd)(f _ g)" + st max ”D(Kl, D 3 S ka)g”} .
2a 1<2<d

zssing to the infimum gives

ag (D% KLt
1

<2a. K(D“‘"“"k") .5t cs),cles)
22

271
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=a‘€5d (D(Kl’m'kd)f;ﬂ_)' o
1 a )

Of particular interest are tensor product op_erators defined for functions on
S. These can be written as products of parametric extensions of univariate
operators. To be more specific, for 1 <& < d, let Ug :CKS(IS) - CKS(IS) be linear

. . X K. Kok ) )
operators. The parametric extension Ussz Kpoakg)d C( 1K) is defined by

»»»» k& a5 if all components of f exceptthe §-th

C

applying Ug to a function f € C(K'

one were fixed, i.e,
Xs
U& f(Xqs oy Xg) = Ug fs(xg),

where fg:lg = IR, fglxg) = f (Xy, .., xg) with xo fixed for 2= 5.
Then the tensor product L of the operators Ug is given as the product

BT
L= U ° U,

Xd
Uy
For the proof of Theorem 4.3 below we need the following lemma given in [12,
Lemma 3.1] for the case d=2.

Lemma 4.2. .
For fixed 1 <& <d and kg > 0, let Ug: CK5(15) - C(Ig) be e continuous linear

operator. Then, for all 2= §, the partial differential operators DKQ, 0 < xg< k1

X

and the parametric extension US8 commute on C(k" - Kg)

, l.e,

X X
DK'Q"U 8 T s“DKR

s s ,OSKQSKQ.

Next we show how tensor product operators inherit global smoothness pre—
servation properties from their univariate building blocks.

Theorem 4.3.
Let operators Ug , & = 1,..,d, andtheir tensor product L be given as above.
Furthermore, suppose that

Ip*8usfll < ag - I8 [l ag= 0, for all fe C*6(g),

as well as
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Ug : €87 (15) > ¢*8"'(1g) with D6 ug gl < cg - Ilgs" ")
by K,k )
"hen for all fe C! 9" and for all t > 0 there holds

d
Kok L) < [T hE 5d,[D(k"”"k°)f imot),

wd][D
i=1

where m:=max{cy/a,:1<i<d}.

Proof.
“We show that for the operator L the assumptions of Theorem 4.1 are satisfied.
For an arbitrary fe C(k"""k“) we obtain, in view of Lemma 4.2, that

”D(k| ..... kd)Lf”

X X
="(Dk‘ o . oD% Uyl e o Udd) f"
o) 2
=f\D"" e Uy fo..o{D o Uy /f
X X
<a, '"Dk' o {Dk2 o‘u22) o .0 (Dk° o Ud") f”
X X
P AT NN AT [
Zroceeding in an analogous fashion eventually yields

Dk o kL] < (191 a]-)-"(Dk“ o o D570 pk1)] =(ﬁ ai)~”D(k" ok
i=1 i=1

“or fixed 1 <2< d andall ge cKi»:K)(S) we have
D%, s kg* 1, o k) L]l

+ X X
=“(Dkl R Dka) R {U1' . . Udd)g”

+ X + X X
=N(Dk‘ R S B (u,' oo Doy te Udd) g”

|

k xl) ket %2-1) [ keet %R ke | Xa
=“(D’°U| (D 'oL152_1)o{[>’Z ° U, (D oud)g

+ X X
B B I R
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2-1 . X _ k Xd)
<|II & ‘“(DKQ Lo URR)" Do o DR, °(D %o Ug 9“
i=1
2-1 © Xo. X 1 K Kot}
R IO N S I A P SRS P
i=1 '
2-1 Xo. K X K kg- Ko+1
{1 & .c,l.“(o““"ougf‘l‘)o..,o(o"oud")o(o "o oD o DR )g
i=1
-1 d .
i=1 i=2+1
d
:CR-( fi ai)'llD%»-wKn”w & ol .
i=1,i%8
Thus
max "D‘k' LK+, s Ka) Lg“
1<2<d

(K1, o, Ko+, o, Ka) l
| ? a gl

d
< max {cg- II ai}~max “D

d d
Putting a = J[ 2y and ¢ = max {c2~ 11 a]-} in Theorem 4.1 (and thus

i=1 i=1,i%8 _
< - max{cg/ag: 1 < & < d}) leads tothe inequality claimed above. o

As an example we consider tensor product Bernstein operators

By, . n, (10,119 = C([0,119), nje N for 1 <j<d,
-
with
ny Ny T i d '
Bn‘ - Ny f(X]- e Xd) = 3 .. 2 ((n—1-1 ‘ﬁ%) V]II PDV»iV(XV)‘

i1=0 ig=0

where Py (x) : =(;‘) x(1-x", 0<x< 1.

From the proofs of Theorem 2.2 and Proposition 3.1 it is seen that for any k > 0
one has for the univariate operators B, and appropriate functions f and g that
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%8, fll < (—nk)i'“f(k)" and  |p**1B,gll < __K_L(”:; Cgke ]
n nk+

Dl——kl} which leads

=znce, for the number m from Theorem 4.3 we get m = max -
p i

1<i<d

©7 tne statement of

Zxzmple 4.4,
< fe X K2([0,119). Then for the tensor product Bernstein operators we

2

s2,for all t >0, that

L:‘UI[D(k,, wy kd)Bnl, - ndf ; t]
d
<7mn (L)k'. . Gdl(f(kl’""kd); max m__'EI_] t) < ﬁd [f(kl‘ ""kd) ; t] .
i=1! ki 1<igd! M !
N
wale that, for k;=.. =ky=0, the statement of Example 4.4 reduces to the in-
zaazlity wy [Bn n fit) < Gdl(f;t) already shown in [2, Theorem 5]. For d =1
K 1 4 d

w2z obtain again the assertion of Proposition 3.2 .

Tensor products of suitable other univariate approximation operators can be
2271 with analogously.

£2 Simplicial Bernstein Operators

I= our previous paper [2] we also considered the preservation of global
:To0othness by Bernstein operators over simplices. We recall their definition.

' d
=l Ayl = {(x,, woa Xg) € [O,I]d DZ X< l} denote the standard simplex inR9,
i=1

Far fe Clayg), ne N, the simplicial Bernstein operators (see, e.g., [8], [20, p.
=17, [25], [26]) are given by

Bﬁf(xll e ) xd) .= z f(‘]?] 1o r'JF]d') Pn,j(x1u ey xd) ’
Ji+..+jggn
ji € Ng

wrere §=(y, .0 jg) is 2 multi-index and

‘I q i
Prg(Xps ey Xg) = nl rr' i1 - izl X

it daln =gy = oo = ja)! =
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For the mixed partial derivatives of Bﬁf one has (see [25])

DKy K BRFOX, oy Xg)

Kiokd 3 . .
= (n)i<|+.,.*fl<ﬂ ‘ AI]/n df(j—rl]‘ e JT?‘)‘Pn—k]-...—kd,j(X]. P Xd) .
Ji+.+id
<n-kKj)-..—-Kg
H‘ere,
d
K1,...,Kd Ki
Aqyyn =TT Ay

i=1

where Ar]',n is an r;-th backward difference of f with step size -nL taken with

respect to the variable x;.

From the mean value theorem we get for any sufficiently often differentiable f
and n large enough that

Kt .Ka “ . B “ (k1,.0kq) "
lAl/n fll < K1+ oK D fll .

Thus

[oter 0 g | o Darnta ofer k)
nk]*.‘.*kd

Hence, for g being sufficiently often differentiable, we have

a0 5V 821 1) < w001 681 - g3 1) ook 8g

<2 "D(KI,...,kd) Bre(f _ g)“ +t - max "D(KI,-.-Ki-I, Ki*1, Kis1, ..., Kd) Bfg"
1<i<d

+ kgt K1y, Ki=1, Ki* 1, Kis 1,0, K
<2 (Nky+..rkg IID(k1, ,Kd)(f _ g)“ it (n)kierkgr 1 "D( 1 -1, ki i1 a) g"
nK]*‘...*Ku nk]*.,.*ku**l

Passing to the infimum over all functions g € CKi.~.KaX(S) gives

wdl(D(k"""kd) Bé‘f,-t) <2 Wivovkg K(D(K‘ """ ka) ¢ e O c‘(S)).
nk|+.“+ka

Here C(S) and C'(S) are defined as in Section 4.1, but for S=A,.
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=7 application of Lemma 6 in [2] in combination with the representation theorem
:7 Brudnyi leads to

Theorem 4.5.

=or the simplicial Bernstein oberators BnA we have for all f € C(KI""kd)(Ad), all
sufficiently large n, and all t > 0 that

Y Y

< (Wi kg Gd,(D(k"“"K“)f;——l———M — -t) < Gy (DK Kaf  ¢)

nki+..+kq
Note that, for k, = .. = kg = 0, the statement of Theorem 4.5 becomes that of
Trzorem 3(i) in [2]. Also notice that for d = 1 (univariate Bernstein operators

z=fined on CK[0,1]) the above inequality turns into that of Proposition 3.2 in this

s 2lso possible to prove assertions along the lines of this section for Boolean .
zum operators; see our note [5] in order to get an idea of what can be done in this
Iirection. Natural tools to formulate such estimates are higher order mixed
~2duli of continuity as used in [13] and the higher order mixed K-functionals from
21 However, inequalites for these kinds of approximation operators involving
czrivatives become rather lengthy so that we refrain from presenting them here.
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